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We propose a new method of calculating entanglement entropy of a many-body interacting Bosonic system
(open or closed) in a field theoretic approach without replica methods. The Wigner function and Renyi entropy
of a Bosonic system undergoing arbitrary non-equilibrium dynamics can be obtained from its Wigner character-
istic function, which we identify with the Schwinger Keldysh partition function in presence of quantum sources
turned on at the time of measurement. For non-interacting many body systems, starting from arbitrary density
matrices, we provide exact analytic formulae for Wigner function and entanglement entropy in terms of the
single particle Green’s functions. For interacting systems, we relate the Wigner characteristic to the connected
multi-particle correlators of the system. We use this formalism to study the evolution of an open quantum sys-
tem from a Fock state with negative Wigner function and zero entropy, to a thermal state with positive Wigner
function and finite entropy. The evolution of the Renyi entropy is non-monotonic in time for both Markovian
and non-Markovian dynamics. The entropy is also found to be anti-correlated with negativity of the Wigner
function of a 2 -mode open quantum system.
The Wigner quasiprobability distribution (WQD) is the
closest approximation to a “phase-space distribution function”
for quantum systems [1–3], which provides tomographic in-
formation about the density matrix of the system. The quan-
tum nature of the system manifests itself throught the fact that
the WQD is not positive definite for generic density matri-
ces [4, 5]. Ground states, coherent states and thermal states
have positive WQD and are classified as “classical” states,
while non-classical states like Fock states have negative val-
ues of the WQD. Such states cannot be efficiently sampled
using classical Monte Carlo algorithms [6] and can be used
as a resource in quantum computing algorithms [7–9]. The
Wigner function has been measured in different single mode
quantum systems [10–15].
The reduced density matrix of a many-body system can be
obtained from the full density matrix by tracing out a set of
degrees of freedom. The Renyi entanglement entropy of the
reduced density matrix is an indicator of quantum separability
between the traced out and remaining degrees of freedom in
the state of the system [16]. It plays the role of an “inverse
participation ratio” for the support of the density matrix on
the states in the remaining Hilbert space, and has been used
to study quantum phase transitions [17–19] and many-body
localization transition [20–24] in interacting disordered sys-
tems. The Renyi entropy has recently been measured exper-
imentally in ultracold atomic systems [25]. It is well known
[3] that the Renyi entropy of a density matrix can be written
as an intergral of the square of its Wigner function.
In this Letter, we show that (i) the Wigner characteristic
function (WCF), i.e. the characteristic function correspond-
ing to the WQD, is the Schwinger-Keldysh (SK) partition
function of the system in the presence of “quantum” sources
turned on only at the time of measurement. This relation holds
for a generic interacting many-body Bosonic system (open or
closed) undergoing arbitrary non-equilibrium dynamics. (ii)
For non-interacting systems (closed or open), we find an ana-
lytic expression for the exact time-dependent WCF and WQD
in terms of single-particle Green’s functions. For interacting
systems, we find the WCF in terms of a series involving con-
nected n-particle correlators of the classical fields in the the-
ory. (iii) Our formalism can calculate the WCF of a reduced
density matrix, and provides a new method to calculate the
evolution of Renyi entanglement entropy in many body sys-
tems. Our formalism is quite different from earlier attempts
to calculate WQDs [26–29] within field theoretic approaches.
Our calculation of Renyi entropy does not require the replica
methods for field theories defined on complicated manifolds
[17, 30–37].
We use these results in an extended SK field theory [38] to
study the evolution of WQD and Renyi entropy in open quan-
tum systems (OQS) of one and two bosonic modes, coupled
to one or more thermal baths, when the system is initialized
to particular Fock states. The negative patches in the WQD,
signifying quantum character, vanishes with time as the sys-
tem thermalizes. We find that the Renyi entropy shows non-
monotonic behaviour with time, both within Markovian and
non-Markovian dynamics. In a two mode system, where the
dynamics is governed by the competition between the inco-
herent system-bath coupling and the coherent quantum tun-
neling, we find that the Renyi entropy is anti-correlated with
negativity of the Wigner function. We also study the effect of
interactions in the system on the evolution of the entanglement
entropy and find that repulsive interactions lead to lowering of
entropy in the long time limit.
Wigner Function and Keldysh Partition Function: For a
many body bosonic system, The WQD W , and the WCF χW ,
are given by [3].
W ({αj}, t) =
∫ ∏
j
d2βj
piN
χW ({βj}, t)e
∑
j β
∗
j αj−βjα∗j
χW ({βj}, t) = Tr
[
ρˆ(t)e
∑
j βja
†
j−β∗j aj
]
(1)
where a†j is the creation operator for the j
th mode, and ρˆ(t) is
the density matrix of the system. The reduced density matrix
of A modes ρˆA(t) = TrB ρˆ(t) is obtained by tracing over the
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FIG. 1. Two contour (±) evolution of the density matrix, ρˆ(t) in
SK field theory. For calculating χW (βj , t), the displacement op-
erator, D({βj}) is decomposed into D → D1/2D1/2 with each
D1/2 placed on the + and − contour at time t. χW (βj , t) is the
resultant path integral; i.e. χW (βj , t) = Z[Jcl = 0, Jq(j, t′) =
−iβj/
√
2δ(t− t′)].
rest of the modes ( B ). The WCF of ρˆA(t) can be obtained
from Eq. 1 by restricting the βj s to the set A. The second
Renyi entropy S(2) = − log Tr [ρˆ2A(t)] is given by
S(2) = − log
[∫ ∏
i∈A
d2βi
piN
|χAW ({βi}, t)|2
]
(2)
The time evolution of the density matrix, ρˆ(t) =
U(t, 0)ρˆ0U
†(t, 0), can be described by a SK path integral with
two copies of fields for each mode, φ+(j, t) and φ−(j, t), cor-
responding to the forward and backward evolution along the
Keldysh contour shown in Fig. 1. The key new ingredient in
this work is the decomposition of the displacement operator
D({βj}) = e
∑
j βja
†
j−β∗j aj in Eq. 1, into D → D1/2+ ×D1/2− ,
with each of theD1/2 placed on the forward and the backward
contour; i.e.
χW = Tr
[
U(∞, t)D1/2U(t, 0)ρˆ0U†(t, 0)D1/2U†(∞, t)
]
(3)
We note that this multiplicative decomposition is distinct from
the standard practice of making additive decomposition of op-
erators Oˆ → [Oˆ+ + Oˆ−]/2 in SK field theories.
The insertion of the operatorsD1/2± = e
1
2
∑
j βja
†
j−β∗j aj cor-
respond to turning on a source J+(j, t′) = −i(βj/2)δ(t− t′)
and J−(j, t′) = i(βj/2)δ(t− t′) coupled linearly to the fields,
and evaluating the SK partition function in presence of this
source (See SM for details). Working with the symmetric
(classical) and antisymmetric (quantum) fields, φcl = (φ+ +
φ−)/
√
2 and φq = (φ+ − φ−)/
√
2, the WCF corresponds
to the Keldysh partition function with the classical source
turned off throughout the evolution, and a quantum source
Jq(j, t
′) = [J+(j, t′) − J−(j, t′)]/
√
2 = −iβj/
√
2δ(t − t′),
turned on only at the time of measurement, i.e.
χW ({βj}, t) = Z
[
Jcl = 0, Jq(j, t
′) = −i 1√
2
βjδ(t− t′)
]
(4)
This is the main result of this Letter. A complex Laplace
transform converts χW (βj) to the WQD W (αj), and forces
φcl(j, t) =
√
2αj . W ({αj}, t) is thus the partition function
summed over field configurations with the boundary condi-
tion φcl(j, t) =
√
2αj , i.e. it is the full “quasi”-distribution
function of the classical fields. Note that the absence of a
classical source implies an unconstrained functional integra-
tion over the quantum fields. The result derived above applies
to generic non-equilibrium dynamics of interacting bosons,
since we have not used any assumption about the form of the
Keldysh action in deriving equation [4].
We note that, in this formalism, integrating out a mode
without turning on a source is equivalent to tracing over that
degree of freedom, while integrating out a mode after turn-
ing on a quantum source is equivalent to calculating the WCF.
Hence it is straightforward to see that the WCF of the reduced
density matrix, χAW , can be obtained by restricting the quan-
tum sources βj to be turned on only for the modes inA, which
are not traced over. This simplification for the reduced WCF,
together with Eq. 2 allows us to study the evolution of Renyi
entropy without considering field theories with complicated
boundary conditions [32].
Wigner Characteristics and Correlation Function: We
first focus our attention on non-interacting open quantum sys-
tems starting from thermal states. In this case we get
χW (βj , t) = e
− 12β∗i βjΛij(t) W (αj , t) =
e−
1
2α
∗
iαjΛ
−1
ij (t)
Det[Λˆ/2]
S(2) = Tr logΛij(t) (5)
where the one particle Keldysh correlator Λij(t) =
〈φcl(i, t)φ∗cl(j, t)〉 contains the effects of the bath (see [39,
40] and SM for details of Λij). The WCF and WQD are both
gaussian in this case, while the Renyi entropy matches with
earlier results [30]. For an interacting system, we use the fact
that the logarithm of a partition function is the generator of
connected correlators to write
χW (βj , t) = e
∑
n
(−1)n 1
2nn!2
Λ
i1..in
j1..jn
(t)β∗i1 ..β
∗
in
βj1 ..βj1 (6)
where Λi1..inj1..jn(t) = 〈φcl(i1, t)..φcl(in, t)φ∗cl(j1, t)..φ∗cl(jn, t)〉C
is the connected n particle equal time correlator of the clas-
sical fields for n 6= 1 and Λij = Λij . This exact relation
between χ (and hence S(2)) and the standard correlation func-
tions is the starting point for making different approximations
for entanglement entropy of interacting systems.
We now study the case where the system is initialized in
Fock states (with negative WQD and zero entropy)and evolve
to a thermal state (with positive definite WDQ and non-zero
entropy) due to coupling to thermal baths. This dynamics
can be treated within a recent extension of SK theory [38].
For an initial ρˆ0 = |{n}〉〈{n}|, where |{n}〉 = |n1, n2...〉,
with nν the occupation number of the νth mode, the ex-
tended SK formalism adds to the Keldysh action a source
−i(1 +uν)/(1−uν) coupled to the bilinear φ∗q(ν, 0)φq(ν, 0),
i.e. it is turned on only at the initial time t = 0. The WCF
χW (βj , t, ~u) can then be calculated as the partition function
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FIG. 2. (a)- (d) Evolution of a single mode non-interacting system coupled to a bath (T = 1, µ = −4.05) starting from a Fock state: (a)
The WQD, W (α, t) is shown in the |α| − t plane as a density plot. The system starts from the state |n = 5〉. The negative patches present
at the initial time, indicating a non-classical state, shrinks and vanishes as the system thermalizes to a classical state. (b) Negativity, N of
WQD is plotted with t for two different initial conditions |n = 6〉 (triangles) and |n = 2〉 (circles). In each case the open symbols correspond
to a system bath coupling  = 1, and the closed symbols are for  = 1.5. Increasing  makes the decay of N faster in both cases. For
same , the negativity for n = 6 starts at higher value but decays faster than that for n = 2. (c) Renyi entropy, S(2)(t) vs t for  = 1 for
n = 6(open triangles) and  = 1, n = 2 (open circles), and  = 1.5, n = 2 (closed circles). Inset shows evolution of S(2) for Markovian
dynamics. S(2) varies non-monotonically with t with a peak location at ∼ tB/2 and a long time value independent of initial conditions in
all cases. (d) ρˆnn(t) vs n at different times for  = 1.5, n = 6. The distribution of ρnn broadens initially, leading to increasing S(2). Later,
ρnn for larger n falls off to attain its thermal form, leading to shrinking of the distribution and negative dS(2)/dt. (e) S(2) vs t in presence
of repulsive interaction, U = 0.1 starting from n = 2 with  = 1.5. Repulsive interaction leads to faster decay of S(2) compared to the
non-interacting one, leading to a steady state with lower entropy. (f) S(2) vs t in a 2−mode system coupled to two baths (TL = TR = 1,
µL = −4.05, µR = −10.05, ω0 = −1.5) for  = 1.5 > g = 1 (overdamped) and (g)  = 0.8 < g = 1.0 (under-damped) for different initial
states, marked in the graph. The bath and the site index shown in black is traced out to obtain S(2). (h)N and S(2) for a system with  = 0.2.
The negativity shows a peak at alternate dips of S(2), where the density matrix comes close to n = 1 Fock state. tB = 2 sets the units for all
plots.
in presence of both the linear quantum sources βj , turned on
at time of measurement t, and the initial bilinear sources uν
turned on at t = 0. The physical WCF corresponding to the
particular initial state is then obtained from
χW ({βj}, t) =
∏
ν
1
nν !
(
∂
∂uν
)nν
χW (βj , t, ~u]
∣∣∣∣∣
u=0
, (7)
We first consider a non-interacting system of bosons coupled
to non-interacting bosonic baths. In this case, the WCF of the
system, after integrating out the bath, is given by
χW (βj , t, ~u) = e
− 12β∗i βjΛ0ij(t)
∏
ν
e−β
∗
i βjΛ
ν
ij(t)
uν
1−uν
1− uν , (8)
where Λ0ij(t) = 〈φcl(i, t)φ∗cl(j, t)〉0 is the equal time classical
correlator in a system that starts from the vacuum state with
0 particles, and Λνij(t) = G
R
iν(t)G
R∗
jν (t), where the retarded
Green’s function GRiµ(t) is the probability amplitude of find-
ing a particle in mode i at time t if it was initially in mode
µ [See SM]. We note that our formalism can treat open and
closed quantum systems on equal footing, although detailed
expression for Λ will change. After taking ~u derivatives [41],
we obtain the closed form analytical expression for the physi-
cal WCF as
χW (βj , t) = e
− 12β∗i βjΛ0ij(t)
∏
ν
Lnν
[
β∗i βjΛ
ν
ij(t)
]
(9)
where Ln(x) is the Laguerre polynomial of order n.
Evolution of WQD and S(2) in OQS: We first consider a
single mode withH = ω0a†a, coupled to a bath characterized
by a spectral densityJ (ω) = Θ(4t2B−ω2) 2tB
√
1− ω2
4t2B
, tem-
perature T and chemical potential µ with coupling strength .
The system is initialized in the number state ρ0 = |n〉〈n|.
Λ0(t) changes from 1 at t = 0 to a finite value determined
by the bath parameters, while Λ(t) decays from 1 to 0 at long
4times. The decay is exponential at short times upto t ∼ tB/2,
and have a t−3/2 power law tail for the spectral density we use.
However, most interesting features discussed here are insensi-
tive to the non-Markovian nature of the dynamics.
The WQD W (|α|, t), is given by
W (α, t) =
2(Λ˜− Λ)n
(Λ0)n+1
e−
2|α|2
Λ0 Ln
[
2|α|2
Λ0
2Λ
Λ− Λ˜
]
(10)
where Λ˜(t) = Λ0(t) − Λ(t). W (α, 0) = 2e−2|α2|Ln(4|α2|)
has n zero crossings in |α| resulting in alternating positive
and negative patches. Here, Λ(t) controls the decay of the
initial distribution function, whereas Λ˜(t) is the stochastic
contribution from the bath. Since Ln(x) > 0 for x < 0,
all the negative patches in W disappear simultaneously when
Λ˜(t) > Λ(t) turns negative, i.e. when the stochastic con-
tribution from the bath overwhelms the remnants of the initial
quantum state. We consider a system with ω0 = −1 and a bath
with T = 1 and µ = −4.05 where bath hopping scale, tB = 2
sets the units. Fig. 2(a) shows a density plot of W (α, t) in the
|α| − t plane for a system starting in the n = 5 state. The
3 negative patches shrink in size with time until they simul-
taneously disappear around t = 0.45. In the long time limit,
the system thermalizes and a gaussian WQD is recovered. A
quantitative measure of the “non-classicality”, the negativity,
N (t) = ∫ d2α (|W (α, t)| −W (α, t)) /(4pi), which measures
the area in the complex α plane over which the WQD is neg-
ative. In Fig 2(b) N is plotted as a function of t for two dif-
ferent initial conditions, n = 2 and n = 6, at two different
system-bath coupling strength  = 1, 1.5. The system has
more non-classicality for higher n as the number of negative
patches increase, but the negativity also decays faster in this
case. With increasing , the negativity falls off faster.
We use Eq.s 2 and 9 to calculate the Renyi entropy,
S(2) = −log
[
(−1)n 2nCn [Λ˜]2n
[Λ0]2n+1
2F1
[
−n,−n,−2n, −Λ
0[Λ− Λ˜]
[Λ˜]2
]]
(11)
where 2F1 is the hypergeometric function. Fig 2(c), shows
S(2)(t) after tracing out the bath degrees of freedom, for two
different initial conditions, n = 2 and n = 6 at  = 1. In both
cases, we see a non-monotonic time dependence of S(2), with
a peak at a timescale ∼ tB/2, and a fixed long time limit in-
dicating the erasure of initial state memories. Increasing  to
1.5 leads to a faster decay to a different equilibrium. The non-
monotonicity of S(2) with time is a generic feature of both
Markovian (inset of Fig 2(c)) and non-Markovian dynamics.
To gain insight into the non-monotonicity of S(2), we con-
struct the instantaneous reduced density matrix ρˆs(t) which is
diagonal in the number basis. In Fig 2(d), we plot the time
evolution of the matrix elements , ρnn for a system starting at
n = 6. At t = 0, ρnn = δn,6 and hence S(2) = 0. As time
evolves,the distribution of ρnn broadens due to stochastic ex-
change with bath, giving rise to an increase of S(2) with t. At
later times, the entropy decreases as the distribution narrows
down to reach an exponential form.
We next focus on the effects of interaction Hint =
Ua†a†aa (also called Kerr non-linearity) on the dynamics of
this one mode open quantum system. In this case we truncate
the series in the exponent of the WCF in Eq. 6 at O(|β|4),
which corresponds to ignoring the contributions of the three
particle connected Green’s functions. We evaluate the effects
of the interaction on the one and two particle Green’s func-
tion in perturbation theory upto O(U2) and calculate the time
dependent Renyi entropy of this system after integrating out
the bath (see SM for details). The time evolution of S(2) for
interacting and non-interacting systems are plotted together
in Fig. 2(e). The repulsive interaction reduces the long time
value of the entanglement entropy and leads to a faster decay
of S(2) from its peak value.
While the single mode system illustrates the effect of in-
coherent coupling to the bath, a more interesting dynamics
occurs in a two mode system, where the coherent intermode
coupling competes with the incoherent coupling to the bath.
We consider a system of two sites (left (L) and right (R)) with
the Hamiltonian Hs = ω0(a
†
LaL + a
†
RaR)− g(a†LaR + h.c),
where g is the coherent tunneling matrix element. The two
sites are linearly coupled to two baths with the same temper-
ature T , but different chemical potentials µL and µR. This
leads to a steady state with a finite current flowing through the
system in the long time limit. We study the evolution of S(2)
in the dynamics of the OQS when the system starts from |10〉
and |01〉. The subsystem for calculating S(2) is obtained by
tracing out the bath and one site of the system. We see that at
short times, the behaviour of S(2) depends on whether the site
with the initial particle is traced out or not. For example, in
Fig 2 (f), the curves for the system starting from |10〉 with R
traced out (closed circles) and |01〉 with L traced out (closed
triangles) follow each other at short times. Similarly, curves
for system starting at |10〉 with L traced out (open circles)
and |01〉 with R traced out (open triangles) follow each other
at short times. At large times, this initial memory is erased
and S(2) simply depends on whether L or R is traced over.
This is because the chemical potentials in the baths break the
L − R symmetry of the problem. Fig. 2(h) plots the evolu-
tion of S(2) and the negativity of the Wigner function of the
reduced ρ for the left site in the under-damped limit. The sys-
tem comes close to a Fock state at the minima of the entropy
oscillations. When the corresponding state is |0〉, the negativ-
ity is zero, since the ground state has positive definite Wigner
5function, while the negativity shows a pronounced peak at al-
ternate S(2) minima, when the system comes very close to |1〉.
We have provided a new field theoretic way of calculating
the evolution of the Wigner function and entanglement en-
tropy of a many body interacting bosonic system (open or
closed) undergoing non-equilibrium dynamics starting from
arbitrary initial conditions. We have focused here on an open
quantum system and its evolution from a pure quantum state
to thermal or steady state density matrices. The formalism can
be used to study entanglement entropy in many other contexts
including quantum phase transitions and many body localiza-
tion transitions.
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WCF from Keldysh partition function with particular choice of classical and quantum sources
In this appendix, we will detail the idea of relating the WCF of a Bosonic system with Keldysh partition function in presence
of a particular combination of the linear sources in the two-contour Keldysh action. In SK field theoretic approach, the partition
function Z, which encodes the time evolution of the many body density matrix, ρˆ(t) = U(t, 0)ρˆ0U†(t, 0) along the closed
contour as shown in Fig. 1 of the main text, is expressed as the path integral over φ+(j, t) and φ−(j, t) fields which are linearly
coupled to the sources, J+(j, t) and J−(j, t).
Z [J+, J−] =
∫
D[φ+]D[φ−]e
i[A+−A−]+i
∑
j
∫
dt [J+(j,t)φ∗+(j,t)+h.c.−J−(j,t)φ∗−(j,t)−h.c.]
(1)
where D[φ] =
∏
n dφ
∗(tn)dφ(tn)/pi and A± encodes the evolution of ρˆ(t) along the ± branches. For a closed system A± =∑
j,j′
∫
dt
∫
dt′[φ∗±(j, t)(i∂t − hij)φ±(j′t′)], whereas for an OQS coupled linearly to an external bath, A will be modified
by the corresponding bath induced self-energies. We note that the information about the initial density matrix of the system is
incorporated as a boundary term in the action A [1] which we will discuss in the next section in great details.
To calculate the expectation value,〈O〉 of any observable, O, the standard technique in Keldysh field theory is to additively
decompose the operator into O = (O+ + O−)/2 and write down the path integral for 〈O+〉(〈O−〉) by inserting the operator
only on the forward (backward) branch of the Keldysh contour. Taking derivatives of Z [J+, J−] w.r.t the sources J+ and J−
accordingly gives the corresponding contributions, 〈O+〉 and 〈O−〉, from + and − branches respectively. Finally the average of
these two contributions yields the quantum mechanical average of the physical observable in the density matrix ρˆ(t).
In this letter, in order to calculate WCF, χW ({βj}, t) = Tr [ρˆ(t)D], we propose a different technique to calculate the expecta-
tion value of the displacement operator, D({βj}) = e
∑
j βja
†
j−β∗j aj , where the creation and annihilation operator already appear
in the exponent. Instead of the additive decomposition of the operator stated above, we perform a multiplicative decomposition
of the displacement operator, D → D1/2+ × D1/2− , and insert D1/2 symmetrically on both the branches within a single two
contour evolution represented by the path integral,
χW = Tr
[
U†(t, 0) e
1
2
∑
j βja
†
j−β∗j aj U†(∞, t)U(∞, t) e 12
∑
j βja
†
j−β∗j aj U(t, 0)ρˆ0
]
(2)
Here it is important to note that D1/2 is not a normal-ordered operator, but in the path integral equation 2, the commutation
relations between ai, a
†
j , in the expansion e
1
2
∑
j βja
†
j−β∗j aj are exactly captured by the commutation relations of the operator
valued fields φ±, φ∗± at equal times. Comparing equation 2 with 1, we observe that at any instant of time t, χW ({βj}, t) is
equal to the Keldysh partition function Z [J+, J−] if the linear source fields J+, J− are identified with the delta-function sources
turned on only at the instant t, i.e.
J±(j, t′) = ∓i(βj/2)δ(t− t′) (3)
The identification of χW = Z[J±(j, t′) = ∓i(βj/2)δ(t − t′)] becomes further simplified if we work in the rotated cl/q basis,
where Jcl(j, t′) = [J+(j, t′) + J−(j, t′)]/
√
2 and Jq(j, t′) = [J+(j, t′)− J−(j, t′)]/
√
2,
χW ({βj}, t) = Z
[
Jcl = 0, Jq(j, t
′) = −i 1√
2
βjδ(t− t′)
]
(4)
At this point, we would like to point out that the choice of placing D1/2 symmetrically on both the branches and hence setting
J±(j, t′) = ∓i(βj/2)δ(t−t′) is not a unique choice. But it is the most convenient choice of the sources as it leads to Jcl(j, t) = 0
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2for all time and Jq(j, t′) = iβjδ(t − t′)/
√
2 couples only to φcl(j, t). Hence χW ({βj}, t) (and also W ({αj}, t), S(2)(t)) for
a generic many body (interacting) system can be completely formulated in terms of only the classical correlation functions at
equal time as shown in equation 6 of the main text. For a non-interacting system, the Gaussian integration in equation 1 can be
performed exactly to obtain equation 5 of the main text.
Construction of equal time classical correlator Λ(t) for OQS with thermal/non-thermal ρˆ0:
In the main text of this letter, we have shown that the WCF of a Bosonic system is the SK partition function of the system
in presence of a particular set of sources. We now present the details of calculating this partition function for a non-interacting
system starting from an arbitrary Fock state. We note that this requires an extension of the standard SK field theory recently
developed by some of us [2]. We will repeat some of the algebra for the sake of completeness here.
We consider a many body system starting from an initial density matrix, ρˆ0 = |{n}〉〈{n}| where |{n}〉 =
∏
ν |nν〉 is a
configuration in the Fock space. The partition function in presence of the sources including the boundary term can be written as,
Zρ [J+, J−] =
∫
D[φ+]D[φ−]ei[A+−A−]+i
∑
j
∫
dt [J+(j,t)φ∗+(j,t)+h.c.−J−(j,t)φ∗−(j,t)−h.c.]〈φ+(0)|ρˆ0|φ−(0)〉 (5)
Here, the matrix element of ρˆ0 can be written as a term in the action where a source uν , turned on only at t = 0, is coupled to
the bi-linears of the initial fields φ+(ν, 0)φ−(ν, 0). This is done by the virtue of the identity,
〈φ+(0)|ρˆ0|φ−(0)〉 =
∏
ν
1
nν !
[
∂
∂uν
]nν
e
∑
κ uκφ
∗
+(κ,0)φ−(κ,0)
∣∣∣∣∣
~u=0
At this point, we would like to note the difference between the quadratic source uν , turned on only at the initial time t = 0,
and the linear sources, J±(j, t′) = ∓i(βj/2)δ(t− t′), turned on only at the time measurement t of WQD. Here, the role of the
quadratic source, ~u is to incorporate the initial non-thermal density matrix, whereas the linear sources J±(j, t) are turned on to
measure χW ({βj}, t) at time t.
The physical partition function, Zρ[J+(j, t), J−(j, t)] corresponding to the initial density matrix, ρˆ0 is computed in a two step
process: first we will calculate the partition function Z[J+(j, t), J−(j, t), ~u] in presence of the initial source ~u and then by taking
its appropriate number of derivative w.r.t {uν}, dictated by ρˆ0, we will get Zρ given by equation 5. The calculation of WCF also
follows the two step process stated above for the partition function: first we will calculate
χW (βj , t, ~u) = Z[±(j, t′) = ∓i(βj/2)δ(t− t′), ~u] (6)
followed by
χW ({βj}, t) =
∏
ν
1
nν !
(
∂
∂uν
)nν
χW (βj , t, ~u]
∣∣∣∣∣
u=0
. (7)
For a non-interacting closed quantum system, governed by the Hamiltonian Hs =
∑
i,j hija
†
iaj + h.c., it has been shown in
reference 2 that the partition function in presence of the initial source ~u, can be written in the cl/q basis ,
Z[Jcl(j, t), Jq(j, t), ~u] =
∫
D[φcl]D[φq] e
[
i
∫∞
0
dt
∫∞
0
dt′
∑
j,j′
φ†(j,t)Gˆ−1(j,t;j′,t′)φ(j′,t′)+i
∑
j
∫∞
0
dtJ†(j,t)φ(j,t)+h.c
]
(8)
where φ†(j, t) = [φ∗cl(j, t), φ
∗
q(j, t)] and J
†(j, t) = [J∗cl(j, t), J
∗
q (j, t)]. The explicit ~u dependence is shown in the inverse
Greens’ function as,
Gˆ−1(j, t; j′, t′) =
(
0 G−1A (j, t; j
′, t′)
G−1R (j, t; j
′, t′) G−1K (j, t; j
′, t′, ~u)
)
G−1R (j, j
′, t− t′) = δ(t− t′)[i∂tδαβ − hjj′ ]
G−1K (j, t; ν, t
′, ~u) = −iδj,ν 1 + uν
1− uν δ(t)δ(t
′) (9)
3Inverting the kernel in the action, we can write down the Keldysh Greens’ function in presence of the initial source ~u as [2],
GKij (t, t
′, ~u) = −i
∑
ν
1 + uν
1− uνG
R
iν(t)G
R∗
jν (t
′) (10)
whereas the retarded Greens’ function GRij(t − t′) is independent of the initial source ~u and hence a function of (t − t′). We
will next extend the above formalism for an open quantum system. We consider a generic OQS model where a non-interacting
system of Bosons (Hs) is linearly coupled to a non-interacting Bosonic bathHb via the particle exchange HamiltonianHsb given
by,
Hb =
∑
i,α
ΩαB
(i)†
α B
(i)
α , Hsb = 
∑
i,α
καB
(i)†
α ai + h.c (11)
where B(i)†α creates a Boson in the αth mode of the ith bath and κα denotes the form system-bath coupling between the ith site
of the system and the αth mode of the bath with strength . The system bath coupling is turned on at t = 0. All the baths are
assumed to be in thermal equilibrium with temperature Ti and chemical potential µi throughout the dynamics. After tracing out
bath degrees of freedom, we will study the reduced dynamics of the system where the effect of the bath comes in the form of the
retarded and Keldysh self-energies, ΣBR(i, j, t− t′) and ΣBK(i, j, t− t′) respectively in the effective action of the system [3].
G−1A (j, j
′, t− t′) = G−1Av(j, j′, t− t′)− ΣBA(j, j′, t− t′)
G−1R (j, j
′, t− t′) = GRv(j, j′, t− t′)−1 − ΣBR(j, j′, t− t′)
G−1K (j, t, j
′, t′) = −i1 + uα
1− uα δj,j
′δtδt′ − ΣBK(j, j′, t− t′).
(12)
where G−1Av, G
−1
Rv are given by equation 9. We use the subscript v to denote a system starting from vacuum (0 particles) as
the retarded and advanced component of the equation 12 are independent of ~u. We note that the bath induced self-energies
ΣBR(j, j
′, t − t′),ΣBK(j, j′, t − t′) are controlled by the bath spectral function, J (ω) = 2pi
∑
α |κα|2δ(ω − Ωα) [3, 4] and the
distribution function of the bath
ΣBR(i, j, t− t′) = −iδi,j 2Θ(t− t′)
∫
dω
2pi
J (ω)e−iω(t−t′) (13)
ΣBK(i, j, t− t′) = −iδi,j 2
∫
dω
2pi
J (ω) coth
[
ω − µi
2Ti
]
e−iω(t−t
′)
and hence they are independent of the initial condition of the system encoded by the source, ~u. GRij(t − t′) is obtained by
performing a modified Laplace transform in the complex frequency space [4]. Here we will use the analytical solution of the
retarded Greens’ function, GRij(ω) of a many body system provided in our earlier work in reference 3 where the system-bath
coupling strength is assumed to be same for all sites, i.e. κα is independent of i in equation 11. On the other hand, the
information about the initial condition of the system is carried to the subsequent dynamics by the Keldysh Greens’ function
through an explicit dependence on ~u written as,
GKij (t, t
′, ~u) = −i
∑
ν
1 + uν
1− uνG
R
iν(t)G
R∗
jν (t
′) +
∫ t
0
dt1
∫ t′
0
dt2
∑
m,n
GRim(t− t1)ΣBK(m,n, t1 − t2)GAnj(t2 − t′) (14)
For further simplification of the calculation, it is useful to isolate the ~u dependent part of GKij (t, t
′, ~u) from the vacuum Keldysh
Greens’ function as,
GKij (t, t
′, ~u) = GKij (t, t
′, 0)− i
∑
ν
2uν
1− uνG
R
iν(t)G
R∗
jν (t
′). (15)
The one-particle classical correlation function in vacuum, which is defined as Λ0ij(t) in the main text, is related to the equal time
Keldysh Greens’ function by,
4Λ0ij(t) = iG
K
ij (t, t, ~u = 0) = −i
∑
ν
GRiν(t)G
R∗
jν (t) +
∫ t
0
dt1
∫ t
0
dt2
∑
m,n
GRim(t− t1)ΣBK(m,n, t1 − t2)GAnj(t2 − t) (16)
.
Now in order to find out WCF for a non-interacting OQS in presence of ~u, the functional integral integral over classical and
quantum fields in the partition function can be done exactly to obtain equation 6 in the following form,
χW (βj , t, ~u) =
∏
κ
(
1
1− uκ
)
exp
[
−1
2
β∗i βj iG
K
ij (t, t, ~u)
]
=
∏
ν
(
1
1− uν
)
exp
[
−1
2
β∗i βj
(
Λ0ij(t) +
∑
ν
Λνij(t)
2uν
1− uν )
)]
where Λνij(t) = G
R
iν(t)G
R∗
jν (t). This can be written as,
χW (βj , t, ~u) = e
[− 12β∗i βj(Λ0ij(t)]
∏
ν
(
1
1− uν
)
exp[−β
∗
i βj(Λ
ν
ij(t)
uν
1−uν ))] (17)
Since exp[−xu/(1−u)]/(1−u) is the generating function of the Laguerre polynomial Ln(x), taking derivative of χW (βj , t, ~u)
w.r.t uν , as shown in equation 2, yields the physical WCF in terms of Laguerre polynomial given by equation 9 of the main
text. At this point, it is worthwhile to mention that the case of a thermal initial density matrix, ρˆ0 = exp
[−(ων − µ)a†νaν/2T ]
is obtained as special case of the formalism stated above. Instead of taking derivatives we just need to set the initial sources
uν = exp [−(ων − µ)/2T ]. the Greens’ functions in equation 10 recover their thermal form with Λij , defined in equation 5 of
the main text, given by,
Λij = iG
K
ij (t, t, uν = e
−(ων−µ)/2T )
= −i
∑
ν
coth
(
ων − µ
2T
)
GRiν(t)G
R∗
jν (t) +
∫ t
0
dt1
∫ t
0
dt2
∑
m,n
GRim(t− t1)ΣBK(m,n, t1 − t2)GAnj(t2 − t) (18)
For the sake of concreteness, we will now focus on a specific model of open quantum system with a microscopic form of Hb
and Hsb. For most of the calculation in the main text, unless it is mentioned otherwise, we have considered a widely used
non-Markovian OQS model. We consider a single mode harmonic oscillator, governed by Hs = ω0a†a, coupled linearly to
the first site of a semi-infinite bath of non-interacting Bosons hopping along the 1D chain with the tunneling strength tB . The
system-bath coupling strength is governed by the energy scale . We assume the system to start from a Fock state |n〉〈n|. In this
model, the bath spectral function is known to be of the form [3],
J (ω) = Θ(4t2B − ω2)
2
tB
√
1− ω
2
4t2B
, (19)
which shows a square root derivative singularity at the two band edges ω = ±2tB . This non-analyticity in J (ω) renders the
reduced dynamics of the system to be non-Markovian which has been explored in great details in the reference 3. This form of
J (ω) provide analytical solution for ΣR(ω),ΣK(ω) and hence for GR(ω), which are given by,
ΣBR(ω) = −
2
|tB |
[
− ω
2 |tB | ± i
√
1− (ω + iη)
2
4t2B
]
ΣBK(ω) = −i2J(ω) coth
(
ω − µ
2T
)
GR(t− t′) = Θ(t− t′)
∞∫
−∞
dω
2pi
(−i2)J (ω)e−iω(t−t′)
|ω − ω0 − ΣBR(ω)|2
(20)
In this case Λ0(t) = |GR(t)|2 + i ∫ t
0
dt1
∫ t
0
dt2G
R(t− t1)ΣK(t1 − t2)GR∗(t− t2) and Λ(t) = |GR(t)|2.
Calculation of S(2) for single mode OQS with Markovian bath model:
In the main the text, we have shown that the non-monotonicity in S(2) in case of a single mode OQS starting from a Fock
state, is not a particular feature of the non-Markovian model of bath spectral function (equation 19) we have considered. Rather,
5+h.c.
GK(t, t0, u)
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FIG. 1. Feynman interaction vertices and Greens’ functions.
this phenomenon is robust to Markovian bath model as well which we have illustrated in the inset of the figure 2(c) of the main
text. For the calculation of the Markovian bath model, we have not derived the Greens’ functions from a microscopic form of
J (ω). Instead, we have considered the generic form of the time-local dissipation and noise kernel under Markovian dynamics
given by,
ΣBR(t− t′) = iγδ(t− t′) , ΣBK(t− t′) = imqδ(t− t′)
which leads to exponentially decaying Greens’ functions,
GR(t− t′) = −iΘ(t− t′)e−γ(t−t′)−iω0(t−t′)
Λ0(t) = (1 +mq)G
R(t)GA(t′)−mqe−γ|t−t′|−iω0(t−t′) (21)
where mq is related to the steady state density in the system and hence dictated by the temperature and the chemical potential of
the bath.
Effect of inter-particle interaction in a single mode OQS:
In this section, we will extend the above formalism and detail the structure of the calculations adapted in this paper in presence
of an interparticle interaction term in the system, given by
Hint = Ua
†a†aa (22)
which leads to an interaction term in the reduced action of the system,
Aint = −U
∫
dt
[
φ∗cl(t)φcl(t)
(
φ∗cl(t)φq(t) + h.c
)
+ φ∗q(t)φq(t)
(
φ∗q(t)φcl(t) + h.c
)]
(23)
Now we will extend the definition of one particle Greens’ function GK(t, t, u) to introduce the connected m-particle Greens’
function of the classical fields at equal time t as,
Λ(m)(t, u) = imGK(m)(t, u) = (−1)m ∂
2m log Z[Jcl, Jq, u]
∂Jq(t)..∂Jq(t)∂J∗q (t)...∂J∗q (t)
∣∣∣∣∣
Jcl/q=0
(24)
Here, we would like to stress on a crucial point that for a system starting from non-thermal initial state, such as a Fock state,
the 2m point connected Greens’ function, Λ(m)(t, u), with the initial source u defined above, is not equal to the m particle con-
nected classical physical correlation function, defined by 〈φcl(t)..φcl(t)φ∗cl(t)..φ∗cl(t)〉C . Rather they are related by appropriate
derivative w.r.t u, dictated by ρˆ0, as 〈φcl(t)..φcl(t)φ∗cl(t)..φ∗cl(t)〉C = 1n!
(
∂
∂u
)n
Λ(m)(t, u) (for details see [2]). Using the fact
that logarithm of partition function, Z[Jcl, Jq, u] is the generator of the connected correlator and the relation between WCF and
the partition function (equation ??), we write the WCF in presence of u for an interacting system as,
χW (βj , t, u) = e
∑∞
m=1
(−1)m
2m m!m!Λ
(m)(t,u) |β|2m (25)
We will approximate the series in the exponent by truncating it at the order m = 2, i.e. keeping upto 2− particle connected
6(a) (b)
t
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t
<latexit sha1_base64="wsJU5ViOPixYFF3HTdl+ vM3Vknw=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQx NZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUre SjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl 7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44W dCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOyZ7nmlirXMFMejuAYTsGDc6jAL VShDgw4PMELvDr3zrPz5rzPSnPOvOcQ/sj5+AFOMo7B</latexit><latexit sha1_base64="/rIU2NI623UQfeTNEJGT R7mASLA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoY qsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJ G4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqk xTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ 63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOhbrniF0hVMlYNDOIIT8OEMS nADZagCAw4P8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD/BkDU=</latexit><latexit sha1_base64="/rIU2NI623UQfeTNEJGT R7mASLA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoY qsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJ G4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqk xTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ 63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOhbrniF0hVMlYNDOIIT8OEMS nADZagCAw4P8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD/BkDU=</latexit><latexit sha1_base64="DzF5koUpPwIvXkf31NeV ijvAmQI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7Gy2DNpYJmA9IjrC3mUvW7H2wOyeEkF9gY6GIr T/Jzn/jJrlCE19YeHhnhp15g1RJQ6777RQ2Nre2d4q7pb39g8Oj8vFJyySZFtgUiUp0J+AGlYyxSZIUdlKN PAoUtoPx3bzefkJtZBI/0CRFP+LDWIZScLJWg/rlilt1F2Lr4OVQgVz1fvmrN0hEFmFMQnFjup6bkj/lmqR QOCv1MoMpF2M+xK7FmEdo/Oli0Rm7sM6AhYm2Lya2cH9PTHlkzCQKbGfEaWRWa3Pzv1o3o/DGn8o4zQhjsf wozBSjhM2vZgOpUZCaWOBCS7srEyOuuSCbTcmG4K2evA6tq6pnueFWard5HEU4g3O4BA+uoQb3UIcmCEB4h ld4cx6dF+fd+Vi2Fpx85hT+yPn8Ad7rjPQ=</latexit>
t
<latexit sha1_base64="wsJU5ViOPixYFF3HTdl+ vM3Vknw=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zV6yZm/v2J0TwhGwt7FQx NZ/xt7O/8bNo9DEDxZ+fN8MOzNBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUre SjSnUSB5MxjeTPLmA9dGxOoORwn3I9pXIhSMorVq2C2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmnEFTJJjWl 7boJ+RjUKJvm40EkNTygb0j5vW1Q04sbPpoOOyYl1eiSMtX0KydT93ZHRyJhRFNjKiOLALGYT87+snWJ44W dCJSlyxWYfhakkGJPJ1qQnNGcoRxYo08LOStiAasrQ3qZgj+AtrrwMjbOyZ7nmlirXMFMejuAYTsGDc6jAL VShDgw4PMELvDr3zrPz5rzPSnPOvOcQ/sj5+AFOMo7B</latexit><latexit sha1_base64="/rIU2NI623UQfeTNEJGT R7mASLA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoY qsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJ G4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqk xTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ 63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOhbrniF0hVMlYNDOIIT8OEMS nADZagCAw4P8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD/BkDU=</latexit><latexit sha1_base64="/rIU2NI623UQfeTNEJGT R7mASLA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2MpuMmZ1dZs4KYckT2FgoY qsPY28jvo2TS6GJPwx8/P85zDknSKQw6HnfztLyyuraem7D3dza3tnN7+3XTJxqxqsslrFuBNRwKRSvokDJ G4nmNAokrweD63Fev+faiFjd4jDh7Yj2lAgFo2itCnbyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjbhCJqk xTd9LsJ1RjYJJPnJbqeEJZQPa402LikbctLPJoCNybJ0uCWNtn0IycX93ZDQyZhgFtjKi2Dfz2dj8L2umGJ 63M6GSFLli04/CVBKMyXhr0hWaM5RDC5RpYWclrE81ZWhv49oj+PMrL0LttOhbrniF0hVMlYNDOIIT8OEMS nADZagCAw4P8ATPzp3z6Lw4r9PSJWfWcwB/5Lz9AD/BkDU=</latexit><latexit sha1_base64="DzF5koUpPwIvXkf31NeV ijvAmQI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7Gy2DNpYJmA9IjrC3mUvW7H2wOyeEkF9gY6GIr T/Jzn/jJrlCE19YeHhnhp15g1RJQ6777RQ2Nre2d4q7pb39g8Oj8vFJyySZFtgUiUp0J+AGlYyxSZIUdlKN PAoUtoPx3bzefkJtZBI/0CRFP+LDWIZScLJWg/rlilt1F2Lr4OVQgVz1fvmrN0hEFmFMQnFjup6bkj/lmqR QOCv1MoMpF2M+xK7FmEdo/Oli0Rm7sM6AhYm2Lya2cH9PTHlkzCQKbGfEaWRWa3Pzv1o3o/DGn8o4zQhjsf wozBSjhM2vZgOpUZCaWOBCS7srEyOuuSCbTcmG4K2evA6tq6pnueFWard5HEU4g3O4BA+uoQb3UIcmCEB4h ld4cx6dF+fd+Vi2Fpx85hT+yPn8Ad7rjPQ=</latexit>
t
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t
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O  U2 
<latexit sha1 _base64="Wj1ufEHD9d0Ytjzwl AqFCGkbmms=">AAACA3icbZC7S gNBFIbPeo3xFrXTZjAISRN202g ZtLEzgrlANsbZyWwyOHth5qwQl 4CNtW9hY6GIrS9h59s4uRSa+MP Ax3/O4cz5vVgKjbb9bS0sLi2vr GbWsusbm1vbuZ3duo4SxXiNRTJ STY9qLkXIayhQ8masOA08yRve7 dmo3rjjSosovMJBzNsB7YXCF4y isTq5/dRlVJKLoSu5jwVSuy67S vT6WCSdXN4u2WOReXCmkK8Un+5 vAKDayX253YglAQ+RSap1y7Fjb KdUoWCSD7NuonlM2S3t8ZbBkAZ ct9PxDUNyZJwu8SNlXohk7P6eS Gmg9SDwTGdAsa9nayPzv1orQf+ knYowTpCHbLLITyTBiIwCIV2hO EM5MECZEuavhPWpogxNbFkTgjN 78jzUyyXH8KVJ4xQmysABHEIBH DiGCpxDFWrA4AGe4RXerEfrxXq 3PiatC9Z0Zg/+yPr8AbKKmGc=< /latexit><latexit sha1 _base64="M2YLqzdLENQM1Nb4s 7IJM7YAXpM=">AAACA3icbZC7S gNBFIZnvcZ4W7XTZjAISRN202g ZtLEzgpsEsmuYncwmQ2YvzJwV4 hKwsbb1CdJYKGLrS9j5Nk4uhSb +MPDxn3M4c34/EVyBZX0bS8srq 2vruY385tb2zq65t19XcSopc2g sYtn0iWKCR8wBDoI1E8lI6AvW8 PsX43rjjknF4+gGBgnzQtKNeMA pAW21zcPMpUTgq6ErWABF7NxWX Mm7PSjhtlmwytZEeBHsGRSqpaf 7JDd6rrXNL7cT0zRkEVBBlGrZV gJeRiRwKtgw76aKJYT2SZe1NEY kZMrLJjcM8Yl2OjiIpX4R4In7e yIjoVKD0NedIYGemq+Nzf9qrRS CMy/jUZICi+h0UZAKDDEeB4I7X DIKYqCBUMn1XzHtEUko6NjyOgR 7/uRFqFfKtuZrncY5miqHjtAxK iIbnaIqukQ15CCKHtAIvaI349F 4Md6Nj2nrkjGbOUB/ZHz+AHscm b0=</latexit><latexit sha1 _base64="M2YLqzdLENQM1Nb4s 7IJM7YAXpM=">AAACA3icbZC7S gNBFIZnvcZ4W7XTZjAISRN202g ZtLEzgpsEsmuYncwmQ2YvzJwV4 hKwsbb1CdJYKGLrS9j5Nk4uhSb +MPDxn3M4c34/EVyBZX0bS8srq 2vruY385tb2zq65t19XcSopc2g sYtn0iWKCR8wBDoI1E8lI6AvW8 PsX43rjjknF4+gGBgnzQtKNeMA pAW21zcPMpUTgq6ErWABF7NxWX Mm7PSjhtlmwytZEeBHsGRSqpaf 7JDd6rrXNL7cT0zRkEVBBlGrZV gJeRiRwKtgw76aKJYT2SZe1NEY kZMrLJjcM8Yl2OjiIpX4R4In7e yIjoVKD0NedIYGemq+Nzf9qrRS CMy/jUZICi+h0UZAKDDEeB4I7X DIKYqCBUMn1XzHtEUko6NjyOgR 7/uRFqFfKtuZrncY5miqHjtAxK iIbnaIqukQ15CCKHtAIvaI349F 4Md6Nj2nrkjGbOUB/ZHz+AHscm b0=</latexit><latexit sha1 _base64="9AK+IhaVPA3PPcZQS MH+UHphUEs=">AAACA3icbZDNS sNAFIUn9a/Wv6g73QwWoW5K0o0 ui27cWcG0haaWyXTSDp1MwsyNU ELBja/ixoUibn0Jd76N0zYLbT0 w8HHuvdy5J0gE1+A431ZhZXVtf aO4Wdra3tnds/cPmjpOFWUejUW s2gHRTHDJPOAgWDtRjESBYK1gd DWttx6Y0jyWdzBOWDciA8lDTgk Yq2cfZT4lAt9MfMFCqGDvvuYrP hjCGe7ZZafqzISXwc2hjHI1eva X349pGjEJVBCtO66TQDcjCjgVb FLyU80SQkdkwDoGJYmY7mazGyb 41Dh9HMbKPAl45v6eyEik9TgKT GdEYKgXa1Pzv1onhfCim3GZpMA knS8KU4EhxtNAcJ8rRkGMDRCqu PkrpkOiCAUTW8mE4C6evAzNWtU 1fOuU65d5HEV0jE5QBbnoHNXRN WogD1H0iJ7RK3qznqwX6936mLc WrHzmEP2R9fkDPSmWlQ==</lat exit>
Contribution to ⇤(t, u)
<latexit sha1_base64="fj2G r0PNkpiAwceGAwjL7zrahbQ=">AAAB83icbVC7SgNBFL0bXzG+o pY2Q4IQUcKujZZBGwuLCOYB2SXMzs4mQ2Znl3kIYclv2FgYxNaf sfNvnDwKjR4YOJxzLvfOCTPOlHbdL6ewtr6xuVXcLu3s7u0flA +P2io1ktAWSXkquyFWlDNBW5ppTruZpDgJOe2Eo9uZ33miUrFUP OpxRoMEDwSLGcHaSr5/b6MRrukLc9YvV926Owf6S7wlqTYq/vkU AJr98qcfpcQkVGjCsVI9z810kGOpGeF0UvKNohkmIzygPUsFTqg K8vnNE3RqlQjFqbRPaDRXf07kOFFqnIQ2mWA9VKveTPzP6xkdXw c5E5nRVJDFothwpFM0KwBFTFKi+dgSTCSztyIyxBITbWsq2RK8 1S//Je3Lumf5g23jBhYowglUoAYeXEED7qAJLSCQwTO8wtQxzov z5rwvogVnOXMMv+B8fAMESZJ6</latexit><latexit sha1_base64="mvas mUWyWXyq9L8lgj1HEntjm+Q=">AAAB83icbVDLSsNAFL2pr1pfV ZduQotQUUriRpdFNy5cVLAPaEKZTCbt0MkkzEMIoX8hblwo4taf cde/cfpYaOuBgcM553LvnCBlVCrHmViFtfWNza3idmlnd2//oH x41JaJFpi0cMIS0Q2QJIxy0lJUMdJNBUFxwEgnGN1O/c4TEZIm/ FFlKfFjNOA0ohgpI3nevYmGqKYu9Fm/XHXqzgz2KnEXpNqoeOfP k0bW7Je/vTDBOiZcYYak7LlOqvwcCUUxI+OSpyVJER6hAekZylF MpJ/Pbh7bp0YJ7SgR5nFlz9TfEzmKpcziwCRjpIZy2ZuK/3k9ra JrP6c81YpwPF8UaWarxJ4WYIdUEKxYZgjCgppbbTxEAmFlaiqZ EtzlL6+S9mXdNfzBtHEDcxThBCpQAxeuoAF30IQWYEjhBd7g3dL Wq/Vhfc6jBWsxcwx/YH39AA2zlAA=</latexit><latexit sha1_base64="mvas mUWyWXyq9L8lgj1HEntjm+Q=">AAAB83icbVDLSsNAFL2pr1pfV ZduQotQUUriRpdFNy5cVLAPaEKZTCbt0MkkzEMIoX8hblwo4taf cde/cfpYaOuBgcM553LvnCBlVCrHmViFtfWNza3idmlnd2//oH x41JaJFpi0cMIS0Q2QJIxy0lJUMdJNBUFxwEgnGN1O/c4TEZIm/ FFlKfFjNOA0ohgpI3nevYmGqKYu9Fm/XHXqzgz2KnEXpNqoeOfP k0bW7Je/vTDBOiZcYYak7LlOqvwcCUUxI+OSpyVJER6hAekZylF MpJ/Pbh7bp0YJ7SgR5nFlz9TfEzmKpcziwCRjpIZy2ZuK/3k9ra JrP6c81YpwPF8UaWarxJ4WYIdUEKxYZgjCgppbbTxEAmFlaiqZ EtzlL6+S9mXdNfzBtHEDcxThBCpQAxeuoAF30IQWYEjhBd7g3dL Wq/Vhfc6jBWsxcwx/YH39AA2zlAA=</latexit><latexit sha1_base64="eB4M DYwP4D/miH20kRJJz0Nxz6c=">AAAB83icbVDLSsNAFL2pr1pfV ZduBotQQUriRpdFNy5cVLAPaEKZTCbt0MkkzEMoob/hxoUibv0Z d/6N0zYLbT0wcDjnXO6dE2acKe26305pbX1jc6u8XdnZ3ds/qB 4edVRqJKFtkvJU9kKsKGeCtjXTnPYySXESctoNx7czv/tEpWKpe NSTjAYJHgoWM4K1lXz/3kYjXNcX5nxQrbkNdw60SryC1KBAa1D9 8qOUmIQKTThWqu+5mQ5yLDUjnE4rvlE0w2SMh7RvqcAJVUE+v3m KzqwSoTiV9gmN5urviRwnSk2S0CYTrEdq2ZuJ/3l9o+PrIGciM5 oKslgUG450imYFoIhJSjSfWIKJZPZWREZYYqJtTRVbgrf85VXS uWx4lj+4teZNUUcZTuAU6uDBFTThDlrQBgIZPMMrvDnGeXHenY9 FtOQUM8fwB87nD/G7kPE=</latexit>
O  U2 
<latexit sha1_base64="Wj1ufEHD9d0YtjzwlAqFCGkbmms="> AAACA3icbZC7SgNBFIbPeo3xFrXTZjAISRN202gZtLEzgrlANsbZyWwyOHth5qwQl4CNtW9hY6GIrS9h59s4uRSa+MPAx3/O4cz5vVgK jbb9bS0sLi2vrGbWsusbm1vbuZ3duo4SxXiNRTJSTY9qLkXIayhQ8masOA08yRve7dmo3rjjSosovMJBzNsB7YXCF4yisTq5/dRlVJKL oSu5jwVSuy67SvT6WCSdXN4u2WOReXCmkK8Un+5vAKDayX253YglAQ+RSap1y7FjbKdUoWCSD7NuonlM2S3t8ZbBkAZct9PxDUNyZJwu 8SNlXohk7P6eSGmg9SDwTGdAsa9nayPzv1orQf+knYowTpCHbLLITyTBiIwCIV2hOEM5MECZEuavhPWpogxNbFkTgjN78jzUyyXH8KVJ 4xQmysABHEIBHDiGCpxDFWrA4AGe4RXerEfrxXq3PiatC9Z0Zg/+yPr8AbKKmGc=</latexit><latexit sha1_base64="M2YLqzdLENQM1Nb4s7IJM7YAXpM="> AAACA3icbZC7SgNBFIZnvcZ4W7XTZjAISRN202gZtLEzgpsEsmuYncwmQ2YvzJwV4hKwsbb1CdJYKGLrS9j5Nk4uhSb+MPDxn3M4c34/ EVyBZX0bS8srq2vruY385tb2zq65t19XcSopc2gsYtn0iWKCR8wBDoI1E8lI6AvW8PsX43rjjknF4+gGBgnzQtKNeMApAW21zcPMpUTg q6ErWABF7NxWXMm7PSjhtlmwytZEeBHsGRSqpaf7JDd6rrXNL7cT0zRkEVBBlGrZVgJeRiRwKtgw76aKJYT2SZe1NEYkZMrLJjcM8Yl2 OjiIpX4R4In7eyIjoVKD0NedIYGemq+Nzf9qrRSCMy/jUZICi+h0UZAKDDEeB4I7XDIKYqCBUMn1XzHtEUko6NjyOgR7/uRFqFfKtuZr ncY5miqHjtAxKiIbnaIqukQ15CCKHtAIvaI349F4Md6Nj2nrkjGbOUB/ZHz+AHscmb0=</latexit><latexit sha1_base64="M2YLqzdLENQM1Nb4s7IJM7YAXpM="> AAACA3icbZC7SgNBFIZnvcZ4W7XTZjAISRN202gZtLEzgpsEsmuYncwmQ2YvzJwV4hKwsbb1CdJYKGLrS9j5Nk4uhSb+MPDxn3M4c34/ EVyBZX0bS8srq2vruY385tb2zq65t19XcSopc2gsYtn0iWKCR8wBDoI1E8lI6AvW8PsX43rjjknF4+gGBgnzQtKNeMApAW21zcPMpUTg q6ErWABF7NxWXMm7PSjhtlmwytZEeBHsGRSqpaf7JDd6rrXNL7cT0zRkEVBBlGrZVgJeRiRwKtgw76aKJYT2SZe1NEYkZMrLJjcM8Yl2 OjiIpX4R4In7eyIjoVKD0NedIYGemq+Nzf9qrRSCMy/jUZICi+h0UZAKDDEeB4I7XDIKYqCBUMn1XzHtEUko6NjyOgR7/uRFqFfKtuZr ncY5miqHjtAxKiIbnaIqukQ15CCKHtAIvaI349F4Md6Nj2nrkjGbOUB/ZHz+AHscmb0=</latexit><latexit sha1_base64="9AK+IhaVPA3PPcZQSMH+UHphUEs="> AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoW5K0o0ui27cWcG0haaWyXTSDp1MwsyNUELBja/ixoUibn0Jd76N0zYLbT0w8HHuvdy5J0gE 1+A431ZhZXVtfaO4Wdra3tnds/cPmjpOFWUejUWs2gHRTHDJPOAgWDtRjESBYK1gdDWttx6Y0jyWdzBOWDciA8lDTgkYq2cfZT4lAt9M fMFCqGDvvuYrPhjCGe7ZZafqzISXwc2hjHI1evaX349pGjEJVBCtO66TQDcjCjgVbFLyU80SQkdkwDoGJYmY7mazGyb41Dh9HMbKPAl4 5v6eyEik9TgKTGdEYKgXa1Pzv1onhfCim3GZpMAknS8KU4EhxtNAcJ8rRkGMDRCquPkrpkOiCAUTW8mE4C6evAzNWtU1fOuU65d5HEV0 jE5QBbnoHNXRNWogD1H0iJ7RK3qznqwX6936mLcWrHzmEP2R9fkDPSmWlQ==</latexit>
Contribution to ⇤(2)(t, u)
<latexit sha1_base64="MEdrbvhN1CKLTa1vR8nOI5jtXyk=">A AAB+3icbVDLSgMxFL1TX7W+xrp0E1qEFqXMdKPLohsXLirYB3TGkslk2tDMgyQjlqG/IoILRdz6I+78G9PHQlsPBA7nnMu9OV7CmVSW9 W3k1tY3Nrfy24Wd3b39A/Ow2JZxKghtkZjHouthSTmLaEsxxWk3ERSHHqcdb3Q19TsPVEgWR3dqnFA3xIOIBYxgpaW+WXRudNjH91mlXp 1U1Fla7Ztlq2bNgFaJvSDlRsk5fQaAZt/8cvyYpCGNFOFYyp5tJcrNsFCMcDopOKmkCSYjPKA9TSMcUulms9sn6EQrPgpioV+k0Ez9PZ HhUMpx6OlkiNVQLntT8T+vl6rgws1YlKSKRmS+KEg5UjGaFoF8JihRfKwJJoLpWxEZYoGJ0nUVdAn28pdXSbteszW/1W1cwhx5OIYSVMC Gc2jANTShBQQe4Qle4c2YGC/Gu/Exj+aMxcwR/IHx+QNFJ5TA</latexit><latexit sha1_base64="0p0rreVpT4YjInsyWahdKDWz6A8=">A AAB+3icbVC7TsMwFHXKq5RXKCOL1QqpFahKusBYwcLAUCT6kJpQOY7TWnWcyHYQUZS/YGZhACFWfoStf4P7GKBwJEtH55yre328mFGpL GtqFNbWNza3itulnd29/QPzsNyVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje5mvm9ByIkjfidSmPihmjEaUAxUloammXnRod9dJ/Vmv W8ps6S+tCsWg1rDviX2EtSbVWc06dpK20PzS/Hj3ASEq4wQ1IObCtWboaEopiRvOQkksQIT9CIDDTlKCTSzea35/BEKz4MIqEfV3Cu/p zIUChlGno6GSI1lqveTPzPGyQquHAzyuNEEY4Xi4KEQRXBWRHQp4JgxVJNEBZU3wrxGAmEla6rpEuwV7/8l3SbDVvzW93GJVigCI5BBdS ADc5BC1yDNugADB7BM3gFb0ZuvBjvxsciWjCWM0fgF4zPb06RlkY=</latexit><latexit sha1_base64="0p0rreVpT4YjInsyWahdKDWz6A8=">A AAB+3icbVC7TsMwFHXKq5RXKCOL1QqpFahKusBYwcLAUCT6kJpQOY7TWnWcyHYQUZS/YGZhACFWfoStf4P7GKBwJEtH55yre328mFGpL GtqFNbWNza3itulnd29/QPzsNyVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje5mvm9ByIkjfidSmPihmjEaUAxUloammXnRod9dJ/Vmv W8ps6S+tCsWg1rDviX2EtSbVWc06dpK20PzS/Hj3ASEq4wQ1IObCtWboaEopiRvOQkksQIT9CIDDTlKCTSzea35/BEKz4MIqEfV3Cu/p zIUChlGno6GSI1lqveTPzPGyQquHAzyuNEEY4Xi4KEQRXBWRHQp4JgxVJNEBZU3wrxGAmEla6rpEuwV7/8l3SbDVvzW93GJVigCI5BBdS ADc5BC1yDNugADB7BM3gFb0ZuvBjvxsciWjCWM0fgF4zPb06RlkY=</latexit><latexit sha1_base64="GCQ2oe/6u1DA+gSVPQ+r0/RwSoA=">A AAB+3icbVDLSsNAFL3xWesr1qWbwSK0ICXpRpdFNy5cVLAPaGOZTCbt0MkkzEzEEvorblwo4tYfceffOG2z0NYDA4dzzuXeOX7CmdKO8 22trW9sbm0Xdoq7e/sHh/ZRqa3iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdf3w98zuPVCoWi3s9SagX4aFgISNYG2lgl/q3Jhzgh6xSr0 4r+jytDuyyU3PmQKvEzUkZcjQH9lc/iEkaUaEJx0r1XCfRXoalZoTTabGfKppgMsZD2jNU4IgqL5vfPkVnRglQGEvzhEZz9fdEhiOlJp FvkhHWI7XszcT/vF6qw0svYyJJNRVksShMOdIxmhWBAiYp0XxiCCaSmVsRGWGJiTZ1FU0J7vKXV0m7XnMNv3PKjau8jgKcwClUwIULaMA NNKEFBJ7gGV7hzZpaL9a79bGIrln5zDH8gfX5AzKokzc=</latexit>
⇤(t, u)
<latexit sha1_base64="fj2G r0PNkpiAwceGAwjL7zrahbQ=">AAAB83icbVC7SgNBFL0bXzG+o pY2Q4IQUcKujZZBGwuLCOYB2SXMzs4mQ2Znl3kIYclv2FgYxNaf sfNvnDwKjR4YOJxzLvfOCTPOlHbdL6ewtr6xuVXcLu3s7u0flA +P2io1ktAWSXkquyFWlDNBW5ppTruZpDgJOe2Eo9uZ33miUrFUP OpxRoMEDwSLGcHaSr5/b6MRrukLc9YvV926Owf6S7wlqTYq/vkU AJr98qcfpcQkVGjCsVI9z810kGOpGeF0UvKNohkmIzygPUsFTqg K8vnNE3RqlQjFqbRPaDRXf07kOFFqnIQ2mWA9VKveTPzP6xkdXw c5E5nRVJDFothwpFM0KwBFTFKi+dgSTCSztyIyxBITbWsq2RK8 1S//Je3Lumf5g23jBhYowglUoAYeXEED7qAJLSCQwTO8wtQxzov z5rwvogVnOXMMv+B8fAMESZJ6</latexit><latexit sha1_base64="mvas mUWyWXyq9L8lgj1HEntjm+Q=">AAAB83icbVDLSsNAFL2pr1pfV ZduQotQUUriRpdFNy5cVLAPaEKZTCbt0MkkzEMIoX8hblwo4taf cde/cfpYaOuBgcM553LvnCBlVCrHmViFtfWNza3idmlnd2//oH x41JaJFpi0cMIS0Q2QJIxy0lJUMdJNBUFxwEgnGN1O/c4TEZIm/ FFlKfFjNOA0ohgpI3nevYmGqKYu9Fm/XHXqzgz2KnEXpNqoeOfP k0bW7Je/vTDBOiZcYYak7LlOqvwcCUUxI+OSpyVJER6hAekZylF MpJ/Pbh7bp0YJ7SgR5nFlz9TfEzmKpcziwCRjpIZy2ZuK/3k9ra JrP6c81YpwPF8UaWarxJ4WYIdUEKxYZgjCgppbbTxEAmFlaiqZ EtzlL6+S9mXdNfzBtHEDcxThBCpQAxeuoAF30IQWYEjhBd7g3dL Wq/Vhfc6jBWsxcwx/YH39AA2zlAA=</latexit><latexit sha1_base64="mvas mUWyWXyq9L8lgj1HEntjm+Q=">AAAB83icbVDLSsNAFL2pr1pfV ZduQotQUUriRpdFNy5cVLAPaEKZTCbt0MkkzEMIoX8hblwo4taf cde/cfpYaOuBgcM553LvnCBlVCrHmViFtfWNza3idmlnd2//oH x41JaJFpi0cMIS0Q2QJIxy0lJUMdJNBUFxwEgnGN1O/c4TEZIm/ FFlKfFjNOA0ohgpI3nevYmGqKYu9Fm/XHXqzgz2KnEXpNqoeOfP k0bW7Je/vTDBOiZcYYak7LlOqvwcCUUxI+OSpyVJER6hAekZylF MpJ/Pbh7bp0YJ7SgR5nFlz9TfEzmKpcziwCRjpIZy2ZuK/3k9ra JrP6c81YpwPF8UaWarxJ4WYIdUEKxYZgjCgppbbTxEAmFlaiqZ EtzlL6+S9mXdNfzBtHEDcxThBCpQAxeuoAF30IQWYEjhBd7g3dL Wq/Vhfc6jBWsxcwx/YH39AA2zlAA=</latexit><latexit sha1_base64="eB4M DYwP4D/miH20kRJJz0Nxz6c=">AAAB83icbVDLSsNAFL2pr1pfV ZduBotQQUriRpdFNy5cVLAPaEKZTCbt0MkkzEMoob/hxoUibv0Z d/6N0zYLbT0wcDjnXO6dE2acKe26305pbX1jc6u8XdnZ3ds/qB 4edVRqJKFtkvJU9kKsKGeCtjXTnPYySXESctoNx7czv/tEpWKpe NSTjAYJHgoWM4K1lXz/3kYjXNcX5nxQrbkNdw60SryC1KBAa1D9 8qOUmIQKTThWqu+5mQ5yLDUjnE4rvlE0w2SMh7RvqcAJVUE+v3m KzqwSoTiV9gmN5urviRwnSk2S0CYTrEdq2ZuJ/3l9o+PrIGciM5 oKslgUG450imYFoIhJSjSfWIKJZPZWREZYYqJtTRVbgrf85VXS uWx4lj+4teZNUUcZTuAU6uDBFTThDlrQBgIZPMMrvDnGeXHenY9 FtOQUM8fwB87nD/G7kPE=</latexit>
Contribution to O(U)
<latexit sha1 _base64="EBTeeNZ5xutwq31 5UY0+C/CI0IE=">AAAB9Xicb VBNS8NAFHypX7V+VT16WSxCv ZREBD0WvXizgmkLbSyb7aZdu tmE3Y1SQv+HFw+KePW/ePPfu Elz0NaBhWHmPd7s+DFnStv2t1 VaWV1b3yhvVra2d3b3qvsHbR UlklCXRDySXR8rypmgrmaa02 4sKQ59Tjv+5DrzO49UKhaJez 2NqRfikWABI1gb6aEfYj0mmK e3s7p7OqjW7IadAy0TpyA1KN AaVL/6w4gkIRWacKxUz7Fj7a VYakY4nVX6iaIxJhM8oj1DBQ6 p8tI89QydGGWIgkiaJzTK1d8 bKQ6Vmoa+mcxSqkUvE//zeok OLr2UiTjRVJD5oSDhSEcoqwA NmaRE86khmEhmsiIyxhITbYq qmBKcxS8vk/ZZwzH87rzWvCr qKMMRHEMdHLiAJtxAC1wgIOEZ XuHNerJerHfrYz5asoqdQ/gD 6/MH/keSKQ==</latexit><latexit sha1 _base64="EBTeeNZ5xutwq31 5UY0+C/CI0IE=">AAAB9Xicb VBNS8NAFHypX7V+VT16WSxCv ZREBD0WvXizgmkLbSyb7aZdu tmE3Y1SQv+HFw+KePW/ePPfu Elz0NaBhWHmPd7s+DFnStv2t1 VaWV1b3yhvVra2d3b3qvsHbR UlklCXRDySXR8rypmgrmaa02 4sKQ59Tjv+5DrzO49UKhaJez 2NqRfikWABI1gb6aEfYj0mmK e3s7p7OqjW7IadAy0TpyA1KN AaVL/6w4gkIRWacKxUz7Fj7a VYakY4nVX6iaIxJhM8oj1DBQ6 p8tI89QydGGWIgkiaJzTK1d8 bKQ6Vmoa+mcxSqkUvE//zeok OLr2UiTjRVJD5oSDhSEcoqwA NmaRE86khmEhmsiIyxhITbYq qmBKcxS8vk/ZZwzH87rzWvCr qKMMRHEMdHLiAJtxAC1wgIOEZ XuHNerJerHfrYz5asoqdQ/gD 6/MH/keSKQ==</latexit><latexit sha1 _base64="EBTeeNZ5xutwq31 5UY0+C/CI0IE=">AAAB9Xicb VBNS8NAFHypX7V+VT16WSxCv ZREBD0WvXizgmkLbSyb7aZdu tmE3Y1SQv+HFw+KePW/ePPfu Elz0NaBhWHmPd7s+DFnStv2t1 VaWV1b3yhvVra2d3b3qvsHbR UlklCXRDySXR8rypmgrmaa02 4sKQ59Tjv+5DrzO49UKhaJez 2NqRfikWABI1gb6aEfYj0mmK e3s7p7OqjW7IadAy0TpyA1KN AaVL/6w4gkIRWacKxUz7Fj7a VYakY4nVX6iaIxJhM8oj1DBQ6 p8tI89QydGGWIgkiaJzTK1d8 bKQ6Vmoa+mcxSqkUvE//zeok OLr2UiTjRVJD5oSDhSEcoqwA NmaRE86khmEhmsiIyxhITbYq qmBKcxS8vk/ZZwzH87rzWvCr qKMMRHEMdHLiAJtxAC1wgIOEZ XuHNerJerHfrYz5asoqdQ/gD 6/MH/keSKQ==</latexit><latexit sha1 _base64="EBTeeNZ5xutwq31 5UY0+C/CI0IE=">AAAB9Xicb VBNS8NAFHypX7V+VT16WSxCv ZREBD0WvXizgmkLbSyb7aZdu tmE3Y1SQv+HFw+KePW/ePPfu Elz0NaBhWHmPd7s+DFnStv2t1 VaWV1b3yhvVra2d3b3qvsHbR UlklCXRDySXR8rypmgrmaa02 4sKQ59Tjv+5DrzO49UKhaJez 2NqRfikWABI1gb6aEfYj0mmK e3s7p7OqjW7IadAy0TpyA1KN AaVL/6w4gkIRWacKxUz7Fj7a VYakY4nVX6iaIxJhM8oj1DBQ6 p8tI89QydGGWIgkiaJzTK1d8 bKQ6Vmoa+mcxSqkUvE//zeok OLr2UiTjRVJD5oSDhSEcoqwA NmaRE86khmEhmsiIyxhITbYq qmBKcxS8vk/ZZwzH87rzWvCr qKMMRHEMdHLiAJtxAC1wgIOEZ XuHNerJerHfrYz5asoqdQ/gD 6/MH/keSKQ==</latexit>
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FIG. 2. Feynman Diagrams for Λ(t, u) and Λ(2)(t, u).
Greens’ function in the exponent. This approximation leads to analytical solution for Renyi entanglement entropy as follows,
S(2) = − log
[
2
∫ ∞
0
dβ β e−Λ
(2)(t,0)|β|2+ 14Λ(4)(t,0)|β|4
]
M (|β|2)
= − log
[∑
p
ap
2
p+1
2 Γ(p+ 1)
[−Λ(2)(t, 0)] p+12
Hp+1
(
Λ(t, 0)√
−2Λ(2)(t, 0)
)]
(26)
whereM (|β|2) = ∑p ap|β|2p is a polynomial in |β|2, which is brought down by the nth order derivative w.r.t. u in χW (β, t)
given by equation 7. A closed form answer forM (|β|2) can be obtained by using Bruno’s identity[5]. In the regime of U used
in our calculation, we obtain Λ(2)(t, 0) < 0, which regulates the integral in equation 26.
Now, we will sketch the structure of the perturbation theory to calculate Λ(t, u) and Λ(2)(t, u) using standard diagrammatic
expansion. The interaction vertices and the three kinds of Greens’ functions are shown in Fig. 1, while the Feynman diagrams
7for Λ(t, u) and Λ(2)(t, u) upto O(U2) are shown in Fig. 2(a) and (b) respectively. In the diagrams, all the lines represent
non-interacting Greens’ functions for the OQS in presence of the initial source, i.e. GR/A(t − t′) and GK(t, t′, u) given in
equations 21 and 14. In addition to the 2nd order diagrams for Λ(2) shown in Fig. 2(b), there are additional diagrams which can
be obtained from the first order diagrams for Λ(2) by adding first order corrections to any one of the Greens’ functions.
As example of evaluating the expressions for the diagrams, we will write down here the explicit formula of Λ(t, u),
Λ(t, u) = −4U Re[
∫
dt1 G
R(t, t1)G
K(t1, t1, u)G
K(t1, t, u)] +
2U2Im
[ t∫
0
dt1
t1∫
0
dt2
(
4 GR(t, t1)G
K(t1, t2, u)G
K(t2, t1, u)G
R(t1, t2)G
K(t2, t, u) +
2 GR(t, t1)G
K(t1, t2, u)G
K(t1, t2, u)G
A(t2, t1)G
K(t2, t, u) + 2 G
R(t, t1)G
R(t1, t2)G
R(t1, t2)G
A(t2, t1)G
K(t2, t, u) +
4 GR(t, t1)G
K(t2, t2, u)G
K(t1, t2, u)G
A(t2, t1, u)G
K(t1, t, u) + 4 G
R(t, t1)G
K(t2, t2, u)G
K(t2, t1, u)G
R(t1, t2)G
K(t1, t, u)
)
+
t∫
0
dt1
t∫
0
dt2G
R(t, t1)G
K(t1, t2, u)G
K(t2, t1, u)G
K(t1, t2, u)G
A(t2, t) +
t∫
0
dt1
t1∫
0
dt2
[
2 GR(t, t1)G
K(t2, t1, u)G
R(t1, t2)G
R(t1, t2)G
A(t2, t) + 4 G
R(t, t1)G
K(t1, t2, u)G
R(t1, t2)G
A(t2, t1)G
A(t2, t)
]
+
t∫
0
dt1
t1∫
0
dt24G
R(t, t1)G
K(t1, t1, u)G
K(t2, t2, u)G
R(t1, t2)G
K(t2, t, u) +
t∫
0
dt1
t∫
0
dt22G
R(t, t1)G
K(t1, t1, u)G
K(t2, t2, u)G
K(t1, t2, u)G
A(t2, t)
]
(27)
Similar expressions for Λ(2) can be obtained by evaluating the diagrams 2(b).
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